Abstract-In the real-world multicriteria decision making, the evaluations of the various criteria are often vague (or not crisp). The existing choice models are difficult to apply in such situations. In this paper, we introduce an intuitionistic fuzzy variant of the multinomial logit model, which helps us to suggest a decision-maker's likely choices with vague evaluations. The applicability of the proposed model is shown through a real multicriteria decision-making application.
I. INTRODUCTION
The discrete choice models provide a useful tool to represent probabilistic uncertainty for the precisely defined random events. However, these models are rendered unusable for the imprecisely defined notions like: high income, low temperature, etc. Fuzzy set [1] represents such real world imprecision, also referred to as the possibilistic uncertainty, through a partial membership degree treating the imprecise notion as an ill-defined concept. The membership grade is determined through a membership function (MF) that is specific to the decision making agent.
Since it is not available directly, the agent inevitably faces a kind of hesitancy in its determination. In this regard, Type-2 fuzzy set [2] considers a MF that itself is imprecise, and is defined by another MF. However, it is difficult to interpret and apply [3] . Intuitionistic fuzzy set (IFS) [4] associates a hesitancy degree with a membership grade. Each element of an IFS is a triplet of the membership grade, non-membership grade, and the hesitancy, all of which sum to 1. Because of the intuitive appeal, and the ease of applicability, IFS has received a wide attention in the recent times [5] , [6] .
Very often in the real-world situations, both probabilistic and possibilistic uncertainties co-exist. For example, it is highly likely that it will be a warm day. This conveys probabilistic information about fuzzy events. The notion of probability of a fuzzy event has been conceived in [7] , [8] . This work was extended to the intuitionistic fuzzy (int-fuzzy) domain in [9] . These existing definitions are derived by extending the basic probability concept to the fuzzy and int-fuzzy domains. The underlying set-theoretic premise for considering the probability and its calculus is an experiment E that is to be performed. Let its generic uncertain outcome be denoted as X, and let x denote a generic outcome of E. The set of all conceived outcomes of E is represented by Ω. Thus x ∈ Ω. Let F denote a family of subsets of Ω, which are referred to as the events. In the classical probability theory, it is presumed that an event A of Ω is precisely defined in the sense that there is no ambiguity in declaring whether an outcome x belongs to A, or not. Since E is yet to be performed, the occurrence of any x and thus A is uncertain.
Let us denote this uncertainty by a number P (A) in the range [0, 1], giving the probability of event A. For a given probability measure space (Ω, F, P), if A ∈ F is a crisp set with characteristic function I A (x) such that I A (x) = 1 if x ∈ A, and I A (x) = 0, otherwise. Then
where P(x) is the probability that the outcome of E is x. In the case of fuzzy subsetÁ of Ω, which is defined as fuzzy event in [7] , the probability measure ofÁ is given as
where μÁ (x) is the membership function ofÁ and E denotes expectation. This definition is extended in [9] for int-fuzzy eventÃ by replacing μÁ with int-fuzzy membership functionμÃ as:
The measure in (3) is essentially the same as that in (1) . In both the cases, the probabilistic uncertainty pertains to the uncertain outcome X = x of E. However, (3) also considers the associated possibilistic uncertainty, regarding the int-fuzzy membership of x inÃ. In the context of multi criteria decision making (MCDM), x indicates an alternative (option) that is chosen by a decision maker (DM) among several others. An alternative is described by multiple criteria evaluations (utilities), and the DM chooses the alternative yielding the maximum utility. There is often an unobservable utility associated with the DM's choice, hence it is difficult to predict with certainty the DM's choice. To this end, probabilistic models of discrete choice are commonly used to give a DM's choice probabilities for various alternatives. Multinomial logit (MNL) model [10] is perhaps the most popular model due to its easy interpretability.
The popularity of the discrete choice models can be gauged through their applications in diverse domains in the recent times. They are applied in severity analysis [11] - [13] , price optimization [14] , revenue optimization [15] , location planning [16] , choice analysis 2471-285X © 2018 IEEE. Personal use is permitted, but republication/redistribution requires IEEE permission.
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problems [17] - [21] , risk analysis [22] - [27] , demand analysis [28] , [29] , data analytics [30] - [32] , regression analysis [33] - [35] , causal inference in medicine [36] , and forecasting [37] , to name a few. However, MNL can only be used when the criteria evaluations are cast as crisp values. In the real-world decision making, very often, the decision makers have only a partial knowledge to correctly evaluate the alternatives against the multiple criteria. The fuzzy and IFS theories are quite useful to imprecisely evaluate the alternatives, in MCDM under uncertainty. Imprecision also arises in the real-world decision making when the goals, constraints, and consequences of actions cannot be precisely specified. Our objective in this note is to show how the notion of crisp event (of a DM's discrete choice) with imprecise criteria evaluations can be described. To this end, we extend the discrete choice models to the int-fuzzy domain.
The proposed class of logit models would be able to address the situations where different DMs, with the same criteria values and utility coefficients, could have different choices, as per their individual degrees of satisfaction derived from the criteria values. The MNL model always predicts the same choice probability in such situations. We present an int-fuzzy variant of the MNL model. The organization of this paper is as follows:
r A review of the basic concepts is given in Section II. r The int-fuzzy MNL model is introduced in Section III. r A real application is included in Section IV. r The conclusions are discussed in Section V. An alternative a i can be represented in terms of its criteria values as:
II. BACKGROUND

A. Review of MNL Model
where M is the number of criteria associated with a i , and a 
where i represents the additive random component of the utility due to the unobservable factors. We denote the representative utility that a i holds for the DM by virtue of its observable criteria as:
where β is the vector of the coefficients that the DM attaches to the given criteria. More explicitly, it is represented as
where β m is the DM's utility coefficient for c m . The vector β is specific to a DM. In [10] , the function V i = V (β, a i ) is taken as
Since i component of the utility value U i cannot be determined, it is not possible to predict with certainty about the best choice of alternative, relying only upon an utility maximization model. In this regard, it is simpler to predict the probability with which an alternative can be chosen by a particular DM. It has been shown in [38] , [39] that the probability P i of an alternative a i to be chosen is given by
B. Intuitionistic Fuzzy Sets
In addition to the usual membership and non-membership grades, an intuitionistic fuzzy value (IFV) is devised to have a hesitancy degree. An IFV to IFS is what a membership grade is to a fuzzy set. An IFVã, comprises three grades: membership tã , non membership fã , and hesitancy πã , where tã , fã , πã ∈ [0, 1], and tã + fã + πã = 1. Since, πã = 1 − (tã + fã ), we omit πã and IFVã is represented as a = (tã , fã ). The following operational laws [40] , [41] are valid for IFVsã andb :-
a ⊗b = (tã tb , fã + fb − fã fb , fã fb ) (11) 
where ⊕, ⊗, and are the int-fuzzy counterparts of additive, multiplicative, and division operations.
III. INTUITIONISTIC FUZZY MNL MODEL
A. Motivation
It has been shown in [42] that humans show a utility maximizing decision behaviour. A decision maker (DM) sees an alternative as a bundle of desired criteria, and the DM chooses the alternative with the greatest aggregated score of the utility values, corresponding to the given criteria. In the existing choice models, the product of the actual value of a criterion, and the corresponding utility coefficient is considered as the utility derived by a DM from the given criterion value. With this approach, all of the values that a criterion assumes for the given alternatives are scaled up (or down) in accordance with the corresponding utility coefficient. The utility coefficient vector therefore models a DM's decision behaviour.
In the real decision-making, however, quite often, the crisp criteria values are not known precisely. For instance, in a supplier selection problem, various alternatives are evaluated against different criteria, say brand value, past customer experiences etc. In such a scenario, the criteria values are best described by fuzzy values. Besides, in practice, a criterion value is perceived differently by different individuals as per their own background. The perceived values can be easily represented using fuzzy evaluations, in contrast to the crisp values.
In the real-world decision-making, fuzzy evaluations are quite common, because the crisp values are often inaccessible, or a considerable effort is required to collect them. In comparison, the fuzzy values are far more easy to assess than the crisp values with precision. This is the main motivation of the present work. Therefore, a choice model that is able to process fuzzy criteria values holds a substantial potential in the representation of the real-world decision-making situations. We propose an int-fuzzy logit model that also considers the hesitancy of the DM. The proposed model reduces to a fuzzy logit model when the hesitancy is nil.
B. The Proposed Model
In the real-world MCDM, due to time constraints or the nature of the problem, the DMs often need to resort to imprecise evaluations. In this regard, it is easy to conceptualize a fuzzy MNL model on the lines of the conventional MNL model as shown in (9) . The fuzzy MNL model is a special case of MNL model, with fuzzy criteria values, i.e. a We denote each alternative a i in terms of the int-fuzzy criteria values as:ã
where each ofã 
The representative utilityṼ i is determined as the aggregation of the utility valuesṽ (m ) i , m = 1, . . . , M , so it is taken as:
where
in conjunction with the utility coefficient β m can be seen as the DM's taste for c m . The vector of β m values characterizes the unique choice behaviour of the DM.
We emphasize that the representative utility obtained in (19) is an IFV, as it is obtained through the aggregation of int-fuzzy criteria values (See [43] ). Replacing (19) in (9), we obtain the choice probability P i for the alternative a i to be chosen as:
Unlike the conventional MNL model, the proposed IF-MNL model considers the agent's vague evaluations in terms of the int-fuzzy values, weighted by the relative importance that the agent associates with each criterion. Hence, the proposed IF-MNL model offers a greater degree of individualism through both int-fuzzy evaluations as well as the utility coefficients. We summarize the main features of the proposed IF-MNL model as follows:
r It is convenient for the DM to give the evaluations in the terms of 
IV. CASE-STUDY
In this section, we illustrate the proposed choice model with a realworld application about the selection of the most suitable car by a prospective buyer. Typically, in such decisions, a decision-maker (DM) evaluates each of the alternatives against a set of criteria. Often, the DM wants to determine the best choice quickly and also does not have access to the crisp values, in which case the DM broadly evaluates the criteria values as per his/her judgment. For example, in a car-buying situation, a prospective buyer considers a large number of alternatives, each with multiple criteria such as length, height, brand value, and luxury. In such situations, the prospective buyer arrives at his/her choice based on his/her vague evaluations of the criteria values. Given such imprecise evaluations, we will shortly illustrate the usefulness of the proposed choice model in suggesting the DM's choice probabilities for the various alternatives.
A. Selection of the Best Car
Let us consider the case where the prospective buyer attempts to select the car that suits him/her the most. The buyer evaluates multiple alternatives against a set of desirable criteria :-c 1 : length (mm), 1 Independence from irrelevant alternatives (IIA) For the sake of the case-study, and for making a comparison with the conventional model, we have collected the actual criteria values for 60 latest car models, available in the Indian markets [44] . The real identities of the car models are withheld. We convert these values into IFVs as follows:
, where a is thus shown as:
. We convert the actual criteria values into IFVs. For illustrative purpose, a sample of 10 such IFVs (out of the 60 alternatives) for the given criteria values are shown in Table I . We give the corresponding utility values in Table II . For each of the models, we compute IF-MNL choice probability, using (20) . The choice probabilities, so obtained are populated in Table III. The choice probabilities, along with the alternatives, are shown in the descending order of their magnitudes. We observe that a 3 is the most likely alternative to be chosen on the basis of int-fuzzy representative utility. We emphasize that a 3 is only the most likely alternative to be chosen. The actual choice of the prospective buyer could be different, on account of the unobservable component of the utility. When the observable or representative utility forms a significant portion of the total utility, then the alternative with the highest choice probability is quite likely to be chosen. If the unobservable utility is nil, or all the possible criteria have been considered, then it is possible to determine the best choice of the prospective buyer with certainty.
We also redo the case-study to compute the choice probability with the conventional MNL model. The choice probabilities, in the descending order, are shown as the last column of Table III . We notice some differences in the alternative rankings obtained with the proposed IF-MNL and the conventional MNL model. One of the main reasons for the same is the fact that MNL model lacks a provision to take account of the hesitancy values that may lead to a significant difference in the choice probabilities. Intuitively too, most DMs would not like to place much confidence in the fuzzy evaluations, in which they face a high degree of hesitancy. The effect of desirable (say high) membership grade is considerably dampened, if the associated hesitancy is high. These aspects of the real-life decision-making are not looked into in the conventional choice models, and thus IF-MNL model is quite useful in the practice.
V. CONCLUSIONS
We propose intuitionistic fuzzy multinomial logit (IF-MNL) model, based on the int-fuzzy evaluations of multiple criteria. The proposed model is of significance in the real-world decision making, where the criteria values are often not precisely known, rendering the conventional models of little applicability. Besides, the proposed model is especially useful in those applications, where the various alternatives are evaluated against different criteria vaguely in terms of the satisfaction an alternative-criterion combination provide to the DM. In such situations, the presence of int-fuzzy values facilitates the representation of the individualistic degree of satisfaction that may significantly vary depending upon the evaluating agent's background, experience, or values.
It is important to note that the proposed IF-MNL model, like MNL model, also considers that the unobservable utility component is identically and independently distributed across the alternatives. In realworld, there might be such situations where this might not hold true. In this regard, the extensions of the proposed model as probit, nested logit, and mixed logit would be worthwhile. Besides, it would be interesting to empirically learn the int-fuzzy evaluations (of an agent) by fitting the proposed logit model to the agent's preference data, through emerging machine learning algorithms. The proposed models find application in the real world decision making problems under uncertainty, such as credit scoring analysis, supplier selection, consumer behaviour, and marketing strategy. These applications are kept for a future study.
